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Let f be one of the following two functions from the set of positive odd integers 
to itself, with E = + 1 or - 1. 
L(n) = 2-k(3n + E), (1) 
for k the highest power of 2 dividing 3~ + E. 
Then a long standing conjecture (the Collatz-Hasse (‘Syracuse’) problem) is as 
follows. 
Let E = 1 in (1). Then for any positive odd integer n, some 
off applied n is 6) 
more conjecture been by for number 
functions a of and problems, [3], also 
Here consider conjecture as as following for 
function in with = which based our computer 
Let&= - 1 in (1). Then for every positive integer n there 
exists some positive integer k such that f”(n) lies in one of the 
following 3 cyeks: 
(i) 1 1 l . . , 
(ii) 5 7 4 . . . , 
(iii) 17 25 37 55 41 6i 91 17 . . . . I (S ) 
(S) “alas been verified by computer for all integers up to about 2”‘. Apart from 
ience 
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to each cyclic point for fE an integral vector, its length vector 2 = 
(z(Q, l l 9 ? z(r)), with r the length of the cycle. We exhibit, for each positive 
integer r, two functions e(r) and d@, r) of r integer variables (the functions e(r) 
for (S) and for (S’) coincide, and d(-1, r) = -d(l, r)). e shall prove that a 
vector 2 = (z(l), . . . , z(t)) on whose orbit the cyclic group of order r acts freely 
by permutation of coordinates, is the length vector of a cycle under L, iff the 
ideal (d(e, r)(z)) is positive and contains the ideal generated by e(r)(@), where 
g ranges over the cyclic group on r letters. As a corollary of this result, we find 
that the Conjectures (S) and (S’) imply, respectively, that the eqs. (E.e!: 
2’-3’= 1, (E-1) 
2i-3’= -1 (E.-l) 
have only the positive integral solutions 
(1, r) = (2, 9, (S-1) 
(l, r) = (1, 1) or (3,2), respectively. (S.-l) 
We use the arithmetic formulation above in order to prove some inequalities 
for an integer n to be cyclic, with prescribed cyclic vector. Undoubtedly these 
estimates can be improved. However, apart from the fact that they hold a certain 
theoretical interest, we note that this inequality gives rather interesting results for 
“thin’ length vectors, i.e., those for which each coordinate z(i) is small, regardless 
of the length of the cycie. 
We also remark that the criterion in terms of our functions e(r) and d(~, r) 
gives an explicit computational criterion for estabhshing, for any given vector 
(z(l), l l l 9 z(r)) whether it is the cyclic vector of some integer for .the Syracuse 
system (SX): one simply checks if e(r)(z)/@, r)(z) is positive integral. 
f will denote one of the functions fi or f-, introduced above. 
e say that n is a cyclic point for f iff some iterate f’ applied to n 
i set of images of a cyclic point, n, f(n), . . . , f’-‘(n), is called a 
of the cycle is called its length. The length 
ctor of a cyclic point n is the integral vector z = (z(l), r(2), . . . , z(r)). with r 
he power of 2 by which adjacent elements differ: 
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acts on Z(r) by cyclic permutation of components. 
G(t) given by: 
e let g be the generator of 
w), - l l 9 z(r>)- (49, l ’ l 9 z(r), z(l))* 
For a given positive integer r, we now define the two integer-valued functions 
e(r) and d(r), with values in Z, as follows: 
e(r)(z(l), . . . 9 z(r)) = '2 3' . 2Ci'=j+sdi), 
0 e 
j=O 
d@, r)(z(l), . . . , z(r)) = & . (2cLl*Q) - 37, (d ) .E 
with F = +I or -1 as above. For any set of integers T, we shall denote by ( T) 
the ideal generated by T. 
We have the following result: 
1. Let z = (z(l), . . . , z(r)) be an integral vector all of whose coordin- 
ates are strictly positive. 
(a) A cyclic point n is uniquely determined by its length vector z. If n = n(z) is 
the cyclic point with cyclic vector z, k an integer, then f “(n(z)) = n(gk(r)), where 
g is the generator of G(r) as above. 
(b) The following are equivalent: 
(i) z occurs as the length vector for a cyclic point in (L E). 
(ii) The following 3 conditions hold: 
ar) G(r) acts freely on the G-orbit of z in Z(r), 
B) d(E, r)(z)=4 
y) the ideal (d(E, r)(z)) contains the ideal’ (e(r)(g(z), g in G(r)). 
roof. Suppose f’(m) = n, for two positive integers n and bn. We observe, by 
reversing the cycle m, f(m), . . . , n, and using induction, that m can be expressed 
by the following formula: 
m 
2Cb1 z(i) . n - ~(Cizi 3’ . 22r=j+*di)) 
=-. 
3’ 
. 
This formuia yields immediately, for m = n, 
e(r)(z) 
= d(E. r)(z) ’ 
(12) . 
(1.2’) 
by definition. 
(1.2’) expresses ye in terms of 2, and hence proves statement (a) of the 
theorem. 
e shall now prove (b)? and we let z be the length vector of some positive 
integer n. 
irst we suppose (i). a (1.2’) we see t 
learly positive, and e by hypothesis 
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which proves p). By restriction to the cycle through ~1, f defined a generator of 
the symmetric group on tlse cycle which we shall still denote by J One sees 
immediately that f’@(z)) = n@‘(z)) = n(z(1 + i), 1 . . , z(r + i)(n)). Since ob- 
viously the group generated by f acting on the cycle acts freely, so does G(r) 
on its orbit through z. It remains to prove y) of (ii). Now, again by formula 
(1.2’), we see that d(~, I)(&)) divides e(r)(&)) for every g in G(P), and frohm 
(d.E) that d(~, F) is invariant under G(r). ence d(~, t)(z) divides e(r)(g(z)) for 
all g in G(r). ence (d@, r)(z)) contai (e(r)(&)), for g in G(r)), as was 
claimed. 
e now suppose (ii) and prove (i). We define n = e(r)(z)fd(s, r)(z). By (ii) 
ositive integer. Furthermore, an induction as above shows that f’(n) = 12. 
01), r is the least integer i for which f’(n) = p%, hence II, . q 6 , rmlQn) constitutes a
cycle. 0 
Notice that the hypothesis that G(r) acts freely is essential. Otherwise one 
could choose the vector z = (1, . . . , I) in Z(r) which always has the property that 
(e(r)(z))/d(+l, t)(z) = 1. It corresponds to the sequence 1 1 . . . for,f,. Similarly 
one obtains other vectors corresponding, to repetitions of the other cycles given 
above. 
(1) 5 is a cyclic point for fml, 2 = (1,2), and e(2)(z) = 5, d( -1,2)(z) = 1. 
(2) 17 is a cyclic point for fY1. Its cyclic vector 2 is (1, 1, 1,2,1,1,4). One 
verifies that e(7)(z) = 2363, d(-1,7)(z) = 139, and 17 = 2363/139. 
. Let n = n@(l), . . . , z(r)) be a cyclic point. Then z ’ # z = 
(4% z(l), a), l l l ? z(r)) cannot be a cyclic vector. 
y replacing, if necessary, z by one of its images under G(r), we may 
suppose that z(1) # z(2). d(e, r) is invariant under the full permutation group on 
r letters. Suppose z’ is a cyclic vector. Then d(E, r)(Y) = d(E, r)(z) divides both 
e(r)(z) and e(r)@‘) and hence their difference. But that difference is 
which is impossible since d(E, r)(z) is odd. q 
obtain an arithmetic corollary of eorem 1 .I, which links the Syracuse 
s to a purely arithmetic problem. 
(S, e) is true (E = + - I), then the equations 
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have only the positive integral solutions 
(1, r) = (2, 0, (S 1) . 
(I, r) = (I, 1) or (3,2), respectively. (S.-l) 
Suppose that (I, r) is any positive integral solutions of (EE) other than 
the above. Then I > r > 1, and hence it is easy to see that there exists some 
partition of 1 into r positive integers which is not fixed by any cyclic permutation. 
Denoting this partition by z = (t(l), . . . , z(r)), we see that d(~, r)(z) = 1, hence 
(d(&, r)(z)) == 2. Consequently, condition (ii) of part (b) of the theorem hoids, 
and hence (z(l), . . . , z(r)) is a cyclic vector for the problem (S.E), which one 
verifies from our calculations above can not one be among those named in the 
conjectures (Sx). Cl 
As we have already remarked, Theorem 1 gives an explicit computational 
criterion for testing, for any given vector (z(l), . . . , z(r)) whether it is a cyclic 
vector for the Syracuse system: this is so iff (e(r)(z))/@, r)(z) is positive 
integral. 
We now use the formula above to give an inequality for cyclic points n in terms 
of their length vectors. 
We let I = z(1) + l l l + z(r). 
eore Let z E Z(r) be a cyclic vector for (S. E), and let n = n(z) be the 
unique cyc& point defined by it. Then we have the inequality 
N!Iir,2 z(i) - r + “(3’ _ 37 L, 
n- <- 
& . (2’ - 3’) l 
If E = 1, we also have 
< 2(Cre2 r(i) - r + 1) . (21 __ 2’) --- 
ray 21-3’ a . 
. We define the following function defined for j hetwezn 0 and r - 1. 
h(j)= 2 z(i)-j. 
i=r-j+l 
Clearly h(j) < h(j + 1) for all j, since z(j) - > 1. We let I = ET=1 z(i). Then we can 
rewrite (1.2’) as follows: 
vpr-t 3j. y-1-j. p(j) 
Lj=(l L* 
n=- 
& l (2’ - 3’) 
s2 M-1). ;:,I 2j l 3’-‘-’ _ 2,z(“_*) (3’ - 2’ . 
& l (2’ - 3’) E l (2’ - 3’) l 
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< 
2W-1) . (3’ - 2’) 
It- 
&(3’- 2’) * 
as claimed. If E = 1, then the denominator of (1.3) being written in the form 
2’ - 3’ = (2’ - 2’) - (3’ - 3,‘), 
and since n 2 0, 3’ - 2’ G 2’ - 2”, we obtain the inequality as claimed: 
<2 
h(r- 1) . (21 - 27 ~CLZN) - r + 1 . (21 - 2’) 
‘- (2i_3r) =- (2’- 3’) l 
The author is very grateful to the 
interesting paper [7] which contains 
conclusion of Corollary 2, but obtained 
used here. 
ces 
referee for calling to his attention the 
a result essentially equivalent to the 
by entirely different methods to the ones 
PI 
PI 
PI 
PI 
PI 
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